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(1) State and prove the Bolzona Weierstrass theorem for R (for n > 1).  (2+4=6 marks)

Statement: If a bounded set S in R" contains infinitely many points, then there is at least
one point in R™ which is a limit point of S.
Proof: Since S is bounded, S lies in some ball of radius r > 0 and hence lies in

A :]1(1) X [2(1) X ~~~[7(11) = {(z1,29, - ,2p) : —r <z; <rV1<j<n}
Each interval I J(l)
I]%) = {z; : 0 < 2 < r}. There are 2" sets ]&21 X oo X ]r(:,)cn for some k; = 1,2. The
union of these 2" sets is J;. S contains infinitely many points, so does J; and hence one

of the 2" sets, say Jo = I 1(2) x - -+ x I¥ must contain infinitely many points of S. Similarly

can be subdivided into two intervals I}i) ={z; : —r < 23, < 0} and

bisecting 11? and repeating the process, we obtain .J,,, as n—cartesian product Il(m) x I\™

of intervals of length 22~™r. Let ]](m) = [agm), bg.m)]. Since bgm) — agm) = 227"y we have

sup agm) = igf bém) =t; (say).
Since t = (t1,--- ,t,) € J; Vi, any ball B.(t) of radius € > 0 centered at t = (¢1,--- ,t,)
contains J,, for m such that 22~™r < €/2. But by the choice of J/s, there are infinitely
many points of S in J;. Hence B.(t) contains infinitely many points of S. Thus ¢ is a
limit point of S.

Reference: Apostol’s Analysis.

(2) Let n > 1 be an integer. Consider the three metrics on R", the ', 1? and {* metrics.
Prove that the topologies on R” induced by these three metrics are the same. (10
marks)

Proof: Let |.|1,|.]2,|-|c denote the norm in Iy, ls, l, respectively with respective metrics
dy,ds, d. Let 7; denote the topology generated by the finite closures and arbitrary unions
over all sets in the basis B; = {x e R" : |z|; < r}, Vi=1,2, 0.

It is enough to prove that the Basis are same in order to prove that the topologies are
same: Suppose T;,7; are topologies with the same basis B, = B; but 7 # 7,. Suppose
V' € 71. There exists a collection of open sets U, € B; = B; such that V' = U,U, € 7,
since B; = B;.

Now we prove that B; = B; for all ¢,j = 1,2, 00. The norms are defined as

el = (Jaa' 4 H ) V= 1,2

7l = sup{|z;[}
J
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We have .
2l = sup;{lz;1} < O ;1) < 0|z

j=1

for all ¢ = 1,2. Hence B; C B, C B; for all : = 1,2, that is B; = Boo = Bs.

(3) True or False (give reasons):
(a) Q (with standard metric) is connected. (3 marks)

False. With the standard metric, any open set in Q is of the form S = (a,b) NQ (or
union of such sets). Let ¢ be an irrational number between a and b. Then S = 51N S,
where S = (a,¢) NQ and Sy = (¢,b) N Q. Hence Q is not connected.

(b) Any linear map f : R™ — R™ is uniformly continuous. (3 marks)
True. Suppose f(z) is given by Az where the matrix satisfies ||A|| = 0. Then
clearly it is uniformly continuous. Suppose ||A|| # 0. Then for every e > 0, choose
§ = e|| A7, we get | f(z) — f(y)| = |Ax — Ay| < ||Al||z —y| < € whenever |z —y| < 6.
Hence f is uniformly continuous.

(¢) Any real valued continuous function on a compact metric space has a maximum
and a minimum. (3 marks)

True. Let f : X — R be a real valued continuous function on a compact metric
space X. Continuous image of a compact set is compact. Any compact set in R
is closed and bounded. Hence f(X) is bounded. Also since f(X) is closed both

infimum (minimum) and supremum (maximum) are obtained.

(d) A continuous map from a compact metric space to any metric space is uniformly
continuous. (3 marks)

True. Let f : X — Y be a continuous map on a compact metric space X. Since
f is continuous, for every ¢ > 0 there exists a 0, such that |z; — x9] < § =
|f(z1) — f(x2)] < €. Now U,Bs,(x) is an open cover of X. X is compact implies
that there are finitely many d/s among all &’ s such that UY | Bs.(z;) cover X. Choose
d = min{d;};. Hence the uniform continuity.

. T2 _ = - _

(4) Define f : R* — R by f(x,y) = \/ﬂ#zﬂ if (x,y) # (0,0) and f(0,0) = 0. Is f
continuous at all points of R?? Is f differentiable at all points of R?? Does f have
directional derivatives at (0, 0) in every direction? Justify all your answers. (3+3+4=

10 marks)

zy \/W‘

Solution: f is continuous at all points. Since 2zy < x?+ 1 we have ‘\/TTyJ < | 5

Hence the continuity for all points.
3

Note that the partial derivatives of f exists but does not coincide. 0, f(z,y) = (wQerW
and 0, f(x,y) = W Moreover, the partial derivatives at the origin is zero. If the



derivative Dz = 0 exists at (0,0), then lim L2221 — Byt % = 7 along the line

A o (h1,h2)]
he = h; which is a contradiction.
Directional derivative in the direction u = (uy, u2) at (0,0) is given by

h—0 h Vu? + ul

(5) Let f : R®™ — R™ be a differentiable map. Define g : R™ — R"*™ to be the map
g(xy, - xy) = (21, , 2y, f(x1, -+ ,2,)). What is the derivative of g in terms of
the derivative of f7 Justify your answer. (6 marks)

Solution: Since f is a differentiable map, there exists a linear transformation Dy : R™ —

R™ such that
f(w+h) = (&) = Dyl _

li 0.
tMp—0 ‘h‘
Consider the linear map D, : R” — R"*"™ defined by D,z = (x, Dsz). Then we have
lg(z +h) —g(x) = Dgh| _ [(0,---,0, f(z+h) = f(x) — Dsh)|
1] |h]
h—0 |h|

(6) Let E C R™ be an open subset and let f : E — R be a real valued function such
that all the partial derivatives of f are bounded in F. Prove that f is continuous in
E. (6 marks)

Given that the partial derivatives are bounded. Let |0;f| < M for all i. Now,

[f(@1 4 hay o+ ) = f(zn, oo 20|
= |f(z1+hy, -z + hy) — f(z1,22 + hoy -+ Ty + hy)
+f(xy,zo+ hoy o xpy + hy) — f(T1, 22,03+ h3, -+ T+ hy) + -+
+f(@1, T, Tt hy) = f(Tr, e T, @)
By mean value theorem, there exists a t; € (z; —d;, x; + ;) for all 7 such that (zq — 61, 21 +
01) X+ X (T — O, Ty + d,) C E and
|f(zr+ Ry, + hy) = f(o1, -0 1,)|
= R0 f(x1, 22+ ho, - -+ 2y + Dyy)
+hoOs f (1, X9, 23+ hg, -+ @y + hy) + -
+h,0f (X1, Tyt Tp)|
< M(Jhaf + -+ hal)

Hence the continuity.



